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ABSTRACT
We study the question of calculability of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements within the framework of universal strength for Yukawa couplings (USY).




= 0 within USY and then suggest a
highly predictive ansatz where all the moduli of the CKM matrix elements are correctly
predicted in terms of quark mass ratios, with no free parameters.
1
1. Introduction. Understanding the structure of fermion masses and mixings is one
of the outstanding problems in particle physics. In the standard model (SM) both quark
masses and mixings are arbitrary, since gauge invariance does not constrain the avour
structure of Yukawa couplings.
Sometime ago, it was suggested [1] that the Yukawa couplings of the SM have exact


























are real numbers. Within the framework of the standard Higgs mecha-
nism and given the quark mass spectrum, the hypothesis of universal strength for Yukawa
couplings (USY) requires a minimum of two Higgs doublets, with the up and down quarks

































is worth noting that in the SM, with one Higgs doublet, Yukawa couplings are the only
ones which can be complex; all other couplings have to be real as a result of Hermiticity.





leading to natural avour conservation, result from a symmetry of the
Lagrangean [2]. The USY hypothesis has the appeal of suggesting that the observed rich
spectrum of quark masses and mixings simply results from the fact that Yukawa couplings
can be complex, with universal strength, but undetermined phase.
It has been shown [1,3] that within the USY hypothesis, one can t all the experimental
values of quark masses and mixings. We nd it remarkable that this is possible, keeping
exact universality of strength of Yukawa couplings. However, a drawback of the USY
hypothesis is the fact that it contains a large number of free parameters which weakens its
predictive power.
In this paper, we will address the question of whether it is possible to achieve pre-
dictability of the CKM matrix elements within the USY framework. First we study the





can be classied into two classes. We then nd an exact analytical
solution for V
CKM




= 0 and show that the main features of V
CKM
are correctly predicted. Inspired by this analysis, we propose a specic ansatz, within the
USY hypothesis, which predicts V
CKM
in terms of quark mass ratios with no free param-
eters. The moduli of all CKM matrix elements are correctly predicted. However, within
this specic ansatz, the implied strength of CP violation through the KM mechanism is
not sucient to account for the observed CP violation in the Kaon sector, thus suggesting
signicant contributions to  from physics beyond the SM.
2. Characterisation of parameter space. Next, we will characterize the parame-
ter space, rst eliminating the unphysical phases and then separating the remaining ones
into those which do not enter in the determination of the quark mass eigenvalue spec-
2
trum, but aect V
CKM
and those which enter both in the determination of the quark mass
spectrum and the evaluation of V
CKM
.











can, without loss of generality, be written in the form:

















K ( 2:1 )











can be put in the above form. The charged currents remain diagonal and




in this basis is that the phases 
i
entering in the diagonal matrices, K
u;d
do not aect the
quark mass spectrum, which only depends on the phases fp; q; r; tg. However, the phases

i






















































































































The coecients of the characteristic equation for
~

































































































































Since the observed mass hierarchy leads to the constraint X (
~
H) << 1 and given
the fact that X (
~









has to be small compared to the unity. In order to get an idea of


































































constraints hold for the up quark sector.
We have seen that as a result of the quark hierarchy the phases p, q, r and t have to
be all small. We will show next that the general pattern of the CKM matrix constrains
the remaining phases to be small. This can be seen by the following argument. In general,

























This relation is obtained by noting that all terms entering in the left hand side of Eq.(2.6)






























= 0, corresponds, to having p = q = r = t = 0 in both the



















































where we have taken into account that 
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<< 1, constrains the phases
 
i
to be small. At this point, the following comment is in order. The result of Eq.(2.6)
4




when they approach the rank one limit,








proportional to , are a special case of rank one matrices, where the phases  
i
vanish.




= 0. Experimentally, it is known that the rst gen-
eration of quarks has much smaller masses than the other two, which provides motivation





= 0 can be classied into two classes, which correspond to simple choices for the
parameters fp; q; r; tg.
The equation det(M) = 0, with M given by Eq.(2.1), leads to the following relations:

cos(p)   cos(p + t) + cos(q)  cos(q + r) = 1  cos(r + t)
sin(p)   sin(p + t) + sin(q)   sin(q + r) =   sin(r + t)
( 3:1 )


























































p  q   r
2
): sin(
p   q + t
2
) = 0 ( 3:3 )
From Eq.(3.1) and Eq.(3.3), one readily concludes that only the following solutions exist;








p = 0 ; t = q ; q; r free
r = 0 ; t = 0 ; p; q free








q = 0 ; t = 0 ; p; r free
p = 0 ; r = 0 ; q; t free
p = q + r ; t =  r ; p; r free
( 3:4 )




= 0. The interest of the above
analysis, is that it shows that Eqs.(3.4) are all the solutions of the equation det(M) = 0, in
the USY framework. The reason why it is possible to classify all solutions into two classes,
has to do with the fact that two solutions within the same class can be transformed into
each other by pure phase unitary matrices, combined with permutations. As an example,





























































; ( 3:6 )
where K = diag:(1; e
iq

























; ( 3:7 )
one obtains a matrix of the form M
I
(a)
. The transformation of Eq.(3.6) is of course done







equivalent and lead to the same CKM matrix.
We will show that the two classes of solutions have dierent physical implications.




= 1. It can then be veried that, in the
solutions of Class II, the rst generation of quarks decouples from the other two, so that
only the second and third generation are mixed in the CKM matrix. This is the situation
previously encountered in the literature [5]. On the contrary Class I solutions have the





Next, we will analyse in detail the solutions of Class I. We will derive an exact ana-
lytical expression for V
CKM
and show how some of its main features can be understood.
Evaluation of the CKM matrix. For deniteness, we will consider both for the


















































































The transformation of Eq.(3.9) corresponds to changing from the "democratic basis" to





























) ( 3:11 )
with analogous expressions for H
0
u
























K F , with K = diag:(1; e
iq



































0 cos( ) sin( ) e
 i
















































, it is worth analysing the order of magnitude of the various parameters. As we



















. For the class of solutions we are considering,

































; ( 3:15 )
































































































































































































Analogous expressions obviously hold for U
u
and therefore the CKM matrix can be readily
obtained. The formul for jU
d
ij
j, given by Eq.(3.17), show that solutions of Class I provide
a natural explanation for the most salient features of V
CKM
:













of two small parameters
and therefore can be considerably larger. At this stage, where we are considering the limit
m
d




is an arbitrary parameter. In the sequel, we will suggest a specic
ansatz within USY, where m
d




is xed in such a way that













j naturally follows since the following relation is












j ( 3:18 )
iii) The matrix element jV
31
j is naturally larger than jV
13
j, since in leading order one has:
jV
31
j = 3 jV
13
j ( 3:19 )

















, which, as we have seen, provides an understanding of the main features
of the CKM matrix. Generating non-vanishing masses for the rst family can be viewed




, considered in Eq.(3.8). For completeness, we give
below a solution for V
CKM
, based on the parameterisation of Eq.(2.1) and corresponding
to realistic quark masses, which is in good agreement with our experimental knowledge
on V
CKM
. In this solution the value of the parameters are near to those of Eq.(3.8),




= 0. We present below jV
CKM
j and also the value










), which measures the strength of CP violation in the
SM. In the evaluation of V
CKM





, dened in Eq.(2.2). It turns out that this is crucial in order
to obtain a suciently large value of jJ j, assuming that  only receives contributions from






















= 0:020 ;  
2




(1GeV ) = 5:3MeV m
c
(1GeV ) = 1:35GeV m
t
(1GeV ) = 290GeV
m
d
(1GeV ) = 9:0MeV m
s
(1GeV ) = 190MeV m
b






























in terms of quark mass ratios. In this section, we will
propose an ansatz in the USY framework, where V
CKM
is determined in terms of quark
mass ratios. In looking for an ansatz, we will be guided by the results we obtained in the
limiting case where the rst generation is massless. We will assume that the down quark
acquires mass through a small perturbation of the matrix M
d



































































In this ansatz, the value of jr
d
j is exactly determined by the quark mass ratios through

















Similarly, the value of jq
d






























































































































can be expressed in terms of
quark mass ratios, enables one to easily diagonalize the quark mass matrices. As before, we
make rst the weak-basis transformation of Eq.(3.9), with F given by Eq.(3.10). Consider















































in the present ansatz can be expressed in terms of
quark mass ratios by using Eqs.(5.2), (5.4) and (5.5) an exact solution of the eigenvalue














































From the Eqs.(5.1),(5.2),(5.4),(5.5) and (5.7)-(5.9) one gets an exact solution for the uni-
tary matrix U
d








































































, as predicted in the present ansatz in Eq.(5.6). This was, in a cer-
tain sense, to be expected, since M
d
in Eq.(5.1) can be viewed as the result of a small
perturbation of M
d
in Eq.(3.8), whose main eect is generating a down quark mass and
xing the ratio r=q. However, to leading order, the structure of U
d
is not changed. It is
remarkable that the factor 2=
p
3 in Eq.(5.6) just cancels the factor
p
3=2 in the expression
for U
d










order to derive the predictions for V
CKM





the same ansatz we have chosen for M
d
in Eq.(5.1), one obtains a good t
for all elements of V
CKM
, with the possible exception of V
12
. The potential diculty with
V
12
has to do with the fact that, for the above choice for M
u















, where the sign ambiguity results from the ambiguity








, as extracted from Eqs.(5.2), (5.4) and its equivalent













be veried that the experimental value jV
12
j = 0:2205  0:0018 [6] can be accomodated
only if one takes for m
u
a value smaller than what is favoured by most of the analyses [6]
or if one chooses a dierent ansatz for M
u
. Therefore, this diculty can be avoided in two
ways:




smaller than the standard analysis [7]. Indeed there




= 0 would have the
attractiveness of providing a simple solution to the strong CP problem [9]. If we choose
m
u




the form of Eq.(5.1), we


























= 0:075 ( 5:11 )
where the other quark masses were chosen to be within the experimentally allowed range:
m
u
(1GeV ) = 1:0MeV m
c
(1GeV ) = 1:35GeV m
t
(1GeV ) = 300GeV
m
d
(1GeV ) = 6:3MeV m
s
(1GeV ) = 160MeV m
b
(1GeV ) = 5:6GeV
( 5:12 )
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fact, various of the viable Yukawa textures recently classied in Ref.[10] correspond to




. Encouraged by the results we have obtained for
jU
d























































We have thus kept the same M
d
as in Eq.(5.1), but have taken a dierent form for M
u
.























. It can be veried that U
u
for the above ansatz can also be expressed in terms
of quark mass ratios. As a result V
CKM

























= 0:082 ( 5:14 )
where we have taken the following quark masses:
m
u
(1GeV ) = 4:0MeV m
c
(1GeV ) = 1:35GeV m
t
(1GeV ) = 290GeV
m
d
(1GeV ) = 6:6MeV m
s
(1GeV ) = 133MeV m
b
(1GeV ) = 5:7GeV
( 5:15 )
The values predicted for jV
CKM
ij
j are in good agreement with experiment. The crucial




of the form of Eq.(5.1)












































where we have kept the subleading contribution arising from U
d
, since its size is comparable
to the leading contribution from U
u
. This new formula for V
CKM
12
is the essential reason
why the ansatz of Eq.(5.13) leads to all jV
CKM
ij
j in agreement with experiment, for values
of quark masses within the allowed ranges.
At this stage, the following comment is in order. In the USY framework the strength
of CP violation, as measured by the rephasing- invariant J , can in general be in agreement
12
with the experimental value of , as it was illustrated by the example of Eq.(4.3). However,
in the specic ansatz which we have proposed, the strength of CP violation through the
KM mechanism is not sucient to account alone for the observed CP violation in the Kaon
sector. This should not be considered a drawback of the present ansatz. In most extensions
of the SM there are new contributions to , the simplest example occurring in models with
more than one Higgs doublet [11]. In fact, new sources of CP violation beyond the SM are
needed [12] in order to generate the observed baryon asymmetry at the electroweak phase
transition.





= 0. It was shown that all solutions with a vanishing mass for the rst
generation fall into two classes. In one of these classes the main features of the CKM
matrix are correctly predicted. Inspired by this analysis, we proposed, within the USY
framework, a specic ansatz with a high predictive power, where the CKM elements are
determined in terms of quark mass ratios, with no free parameters. The predictions for all
moduli of the CKM matrix elements are in agreement with experiment.
In conclusion, we nd it remarkable that a simple physical idea such as the USY
hypothesis can lead to a highly successful ansatz. This provides motivation to address
the deeper question of nding a symmetry principle which can lead to the universality of
Yukawa couplings.
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